N e g a tiv e E n e rg y W a v es in th e F r a m e w o r k o f V la s o v -M a x w e ll T h e o ry Dieter Pfirsch Max-Planck-Institut für Plasmaphysik, EURATOM Association, D-8046 Garching Z. Naturforsch. 43a, 533-537 (1988); received March 25, 1988 On the basis of a variational formulation of the Vlasov-Maxwell theory it was recently shown that, for instance, all magnetically confined plasmas allow the existence of negative energy waves. Such waves can become nonlinearly and dissipatively unstable and might therefore be of importance in explaining anomalous transport. The proof of this result uses infinitely strongly localized perturba tions. This is, however, not necessary: in this paper it is shown by discussing general, homogeneous, magnetized plasmas that the necessary localization is related to the average gyroradius rg of the relevant particle species. For unstable plasmas the extent or wavelengths of negative energy waves can be of the order of rg, whereas for linearly stable plasmas the extent can be a small fraction of rg.
Introduction
Linear negative energy waves are of interest in the context of nonlinear and dissipative instabilities [1, 2] . They might also have a bearing on, for example, prob lems of anomalous transport. This paper presents con ditions for the existence of negative energy waves derived via a variational formulation of the VlasovMaxwell theory [3] [4] [5] .
In [5] Noether's theorem is used to obtain a secondorder energy expression in the perturbations which is the wave energy. Using localized perturbations, it is shown there for any equilibrium that negative energy waves exist if for at least one particle species v k vk dfv(0)/dv > 0 (1) holds for some v and x and for some directions k. This generalizes a result recently obtained by Morrison for homogeneous isotropic plasmas [2] , Here / v(0)(x, v) is the unperturbed distribution function for species v in a frame of reference in which the total energy of the equilibrium is smallest.
Since the Vlasov theory becomes invalid for length scales smaller than the Debye length, the question is to what degree it is necessary to localize the perturba tions. For a homogeneous plasma with ß (0) = 0 no localization is necessary. For general inhomogeneous systems with B{0) ^ 0 the localization needed should be similar to that for general homogeneous magne tized plasmas, which are therefore investigated in this paper.
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Second-order Wave Energy for a Homogeneous Magnetized Plasma
The constant unperturbed magnetic field B(0) and the unperturbed vector potential A{0) are taken as
In [5] it is shown that for B(0) = 0 the minimum of the second-order wave energy £ (2) is obtained for a vanishing perturbation /4(s) of the vector potential:
which is a possible choice in the sense of an initial condition. In this paper (3) is also chosen for B(0) ^ 0, which, however, might no longer correspond to the minimum of E(2) and therefore overestimate the neces sary localization. Further we take
which is possible because of f v{0) = f v(0) (v^ + v2 ,vz). With (2) , (3) and (4) the second-order wave energy derived in [5] becomes The electric field energy can be made equal to zero, being a bilinear expression of phase space integrals involving linearly the functions Fv(s), without influenc ing the particle contributions to £ <2), see [5] . With p(s) ^ gik x relation (5) becomes
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V is a large periodicity volume. \k \ oo again yields the general condition (1) . For finite /c we discuss separately parallel and perpendicular wave propaga tion.
Wave Propagation Parallel to ß (0)
In this case
allows £<2) < 0 without any restriction on \k\. In general, one will have conditions between (1) and (8). This is qualitatively similar to perpendicular wave propagation, which is treated more explicitly in the next section. 
. Distribution function F = y(0)(Q ^ -]-~ (e H -ae ßH) vs. H -\ vy and eigenfunction F(s) of (14) vs. vy = vy/vt
for A = Am in for some cases listed in Table 1: a) e = 0.1, a = 0.5, ß = 1024, c) e = 0.3, a = 0.7, ß = 3.28, b) e = 0.1, a = 0.9, ß = 2.87, d) e = 0.9, a -0.9, ß = 1.12.
/ v<0) has a minimum with respect to ux for aß > 1. At the same time the system is linearly stable for (see Appendix) a = ß~E, £ < £ < 1 . Relation (21) corresponds to relation (17) for the case that the minimum of / v<0) is at vy = 0, in which case V y *A vy <md\(Avy)2 = Hmax. Table 1 contains for more detailed information also the values of the quantities aß, Hmax and / max/ / min. The main result is that relation (21) or, equivalently, relation (17) provides a reasonable approximation for kmin rg. This is in agreement with the character of the eigenfunctions to the lowest eigenvalue shown in Figs. 1 together with the corresponding distribution functions. As expected, the eigenfunctions are of the form which was assumed for deriving relation (17). The only exception is the rather exotic case e = 0.1, a = 0.5. Table 1 tells us, furthermore, that the local ization 1 /kminr% necessary for negative energy waves tends to be stronger for stable plasmas than for unsta ble ones.
Conclusions
Condition (1), which is fulfilled in any magnetically confined plasma, is only obtained with infinitely strongly localized perturbations. Negative energy waves should, however, be dangerous only if their wavelengths are not too small. By treating a magne tized, homogeneous plasma for illustration it is shown via a Hermitian eigenvalue problem that the necessary localization should be generally related to the average gyroradius rgv of the relevant particle species v. For unstable plasmas the least localization is of the order of r , whereas for stable plasmas it is a smaller frac tion of rgv. Since the Vlasov equation is valid only for length scales larger than the Debye length, all such negative energy waves should be physically meaning ful if the gyroradius of the relevant species is larger than the Debye length.
The latter is always fulfilled with (A9) for ß >1. With (A9) we can write (A7) in the form We need only consider n > 1 and f, < 1. In this case the right-hand side of (A15) converges and vanishes for x = 0, as required by the left-hand side. Furthermore, since w"(z) > 0 and 1/2 < £ <1, the integrand in (A15) is positive for z > 0, and therefore it follows that w ;(x)>0 for x > 0 (A16)
This proves that (A 9) describes systems that are stable with respect to the perturbations considered.
